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ON DIVISORS COMPUTING MLD’S AND LCT’S
HAROLD BLUM
Abstract. We show that if a divisor centered over a point on a smooth surface
computes a minimal log discrepancy, then the divisor also computes a log canonical
threshold. To prove the result, we study the asymptotic log canonical threshold of
the graded sequence of ideals associated to a divisor over a variety. We systemati-
cally study this invariant and also prove a result describing which divisors compute
asymptotic log canonical thresholds.
1. Introduction
The log canonical threshold and minimal log discrepancy are two invariants of sin-
gularities that arise naturally in the study of birational geometry. Minimal log dis-
crepancies are of particular interest due to a work of Shokoruv [Sh04] in which he
proved that two conjectures on minimal log discrepancies (semicontinuity and the
ascending chain condition (ACC)) imply the termination of flips, a result needed to
complete the minimal model program in full generality.
Shokurov originally conjectured that both the set of minimal log discrepancies and
log canonical thresholds in fixed dimension should satisfy the ACC. The conjecture
was proved for log canonical thresholds on smooth varieties in [dFEM10] and later
in full generality [HMX14]. The general form of the ACC conjecture for minimal log
discrepancies remains open. In this way, as well as others, minimal log discrepancies
are less well understood than log canonical thresholds.
In order to to define these two invariants, we recall the following notion. A divisor
over a variety X corresponds to a prime divisor on a normal variety Y , proper and
birational over X . We call (X, aλ) a pair if X is a normal Q-Gorenstein variety,
a ⊆ OX a nonzero ideal, and λ ∈ R≥0. The log discrepancy of a pair (X, a
λ) along E
is defined as
aE
(
X, aλ
)
:= kE + 1− λ ordE(a),
where kE is the coefficient of E in the relative canonical divisor and ordE is the valu-
ation given by order of vanishing along E. A pair (X, aλ) is klt (resp., log canonical)
if for all divisors E over X , aE(X, a
λ) > 0 (resp., ≥ 0). See Section 2.3 for further
details on log discrepancies.
Arising from these definitions are two invariants that measure the “nastiness” of a
singularity. Assuming X has klt singularities, the log canonical threshold of a nonzero
ideal a on X is defined as
lct(a) := sup{λ ∈ R≥0| (X, a
λ) is log canonical}.
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Given a klt pair (X, aλ) and a (not necessarily closed) point η ∈ X , the minimal log
discrepancy of (X, aλ) at η is defined as
mldη(X, a
λ) = min{aE(X, a
λ) |E a divisor over X with cX(E) = η}.
See Section 2 for further details on these definitions.
In understanding these two invariants it is natural to make the following definition.
Given a divisor E over X , we say that E computes a log canonical threshold if there
exists a nonzero ideal a on X such that
aE
(
X, aλ
)
= 0,
where λ = lct(a). Furthermore, we say that E computes lct(a). Similarly, we say that
E computes a minimal log discrepancy if there exists a pair (X, aλ) such that
mldη(X, a
λ) = aE
(
X, aλ
)
with η = cX(E). Furthermore, we say that E computes mldη(X, a
λ).
Question 1.1. Which divisors over a variety compute log canonical thresholds (resp.,
minimal log discrepancies)?
Divisors computing log canonical thresholds satisfy special properties. As we will
explain shortly, it is well known that divisors computing log canonical thresholds have
finitely generated graded sequences of ideals. It is not known if the same can be said
for divisors computing minimal log discrepancies.
It is trivial to see that divisors computing log canonical thresholds also compute
minimal log discrepancies. Indeed, if E computes λ = lct(a) and η = cX(E), then E
also computes mldη(X, a
λ), which is 0. In the case of surfaces we prove the following.
Theorem 1.2. If X is a smooth surface, then every divisor over X centered at a point
that computes a minimal log discrepancy also computes a log canonical threshold.
It has long been understood which divisors compute log canonical thresholds on
smooth surfaces. For example, see [KSC04], [ST07], [Tuc10], and [FJ04]. In particular,
[FJ04, Lemma 2.11] implies that if E is a divisor over a smooth surface X with
cX(E) = {x} such that E computes a log canonical threshold, then ordE is a monomial
valuation in some analytic coordinates at x.
Our methods extend to the case of du Val singularities. See Remark 6.3 for our
analogue of Theorem 1.2.
Kawakita recently posted a related result which he proved independently [Kaw16].
Kawakita showed that if E is a divisor over a smooth surface X with cX(E) = {x}
such that E computes a minimal log discrepancy, then ordE is a monomial valuation
in some local coordinates at x.
In proving Theorem 1.2, we make use of the following object. Given a divisor E
over a normal variety X and a morphism f : Y → X with Y normal and E arising as a
prime divisor on Y , there is a corresponding graded sequence of ideals aE• = {a
E
m}m∈N
defined as
a
E
m := f∗OY (−mE)
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(this is the ideal on X of functions vanishing to order at least m along E, hence it is
independent of the choice of f). Note that a graded sequence of ideals a• = {am}m∈N
on X is a sequence of ideals on X such that am · an ⊆ am+n for all m,n ∈ N.
We say that a graded sequence of ideals a• is finitely generated if the graded ring
R(a•) := ⊕m∈Na• is a finitely generated OX -algebra.
We now find a criterion to classify which divisors over X compute log canonical
thresholds. As noted in [JM12], if E computes lct(b), then
lct(b) = lct
(
a
E
ordE(b)
)
.
Furthermore, E computes a log canonical threshold if and only if E computes lct(aEm)
for some m ∈ N. This criterion can be better phrased using lct(aE• ), the asymptotic
log canonical threshold of the graded sequence of ideals aE• (see Section 2.6). We prove
the following statement.
Theorem 1.3. Let E be a divisor over a klt variety X. The following conditions are
equivalent.
(1) The divisor E computes a log canonical threshold.
(2) The divisor E computes an asymptotic log canonical threshold.
(3) The equality lct(aE• ) = kE + 1 holds.
The implications (1) ⇒ (2) ⇒ (3) appear in [JM12]. The implication (3) ⇒ (1)
requires a finite generation statement arising from the MMP. We find the equivalence
between (1) and (2) to be somewhat surprising.
Rather than immediately proving Theorem 1.2, we systematically study the invari-
ant lct(aE• ). First, we note the following interpretation of the finite generation of
a
E
• .
Theorem 1.4. ( [Ish04, Corollary 3.3]) Let X be a normal variety and E a divisor
over X such that codimX(cX(E)) ≥ 2. If a
E
• is finitely generated, then
Y := ProjX(⊕m≥0a
E
m)→ X
is a proper birational morphism of normal varieties with exactly one exceptional divi-
sor EY . Furthermore, EY and E induce the same valuation on K(X).
Such birational morphisms with exactly one exceptional divisor were studied in
[Ish04] and referred to as prime blowups. In [Pro00], the author looked at plt-blowups
which can be thought of as prime blowups with mild singularities (see Definition 4.3).
The following proposition relates the value of lct(aE• ) to the model ProjX(⊕m≥0a
E
m).
Proposition 1.5. If X is a klt variety and E a divisor over X with kE < lct(a
E
• ),
then the following hold.
(1) The graded sequence aE• is finitely generated.
(2) The map Y := ProjX(⊕m≥0a
E
m) → X is a proper birational morphism of
normal varieties. Additionally, there is a prime divisor EY ⊆ Y such that
−EY is relatively ample X and EY induces the same valuation as E on K(X).
(3) The variety Y is klt, and lct(Y,EY ) = lct(a
E
• )− kE.
The first assertion of the above proposition is an elegant restatement of the well
known fact that if a divisor E has log discrepancy in the interval [0,1) along a klt
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pair, then aE• is finitely generated. (When X is Q-factorial, this statement follows
from [Kol13, Corollary 1.39].)
In the literature, there are two examples of divisors over smooth varieties with
non-finitely generated graded sequences of ideals [CGP00] [Ku¨r03]. Again, by [Kol13,
Corollary 1.39], it is well known that these divisors cannot compute log canonical
thresholds (but not whether they compute minimal log discrepancies). As we explain
in Example 7.3, our results in Section 5 show that the divisor in [Ku¨r03] does not
compute a minimal log discrepancy.
Structure of the Paper: In Section 2 we provide preliminary information on log
discrepancies, log canonical thresholds, and graded sequence of ideals. Section 3 pro-
vides a proof of Theorem 1.4 and a related statement of independent interest on the
graded sequence of ideals corresponding to a divisor over a variety. In Section 4 we
prove Proposition 1.5. Section 5 gives of proof Proposition 1.3 and a condition on
which divisors compute minimal log discrepancies. Section 6 concerns minimal log
discrepancies on surfaces and gives a proof of Theorem 1.2. Lastly, Section 7 provides
computations of lct(aE• ) in a few examples.
Acknowledgements: I would like to thank my advisor Mircea Mustat¸a˘ for intro-
ducing me to many of the topics discussed in this paper and guiding my research. I
would also like to thank Mattias Jonsson and Karen Smith for useful conversations.
2. Preliminaries
Conventions: For the purpose of this paper, a variety is a reduced, irreducible,
separated scheme of finite type over a field k. Furthermore, we will assume that k is
of characteristic 0 and algebraically closed.
2.1. Log Resolutions and Divisors Over a Variety. Let X be a variety and
a ⊆ OX a nonzero ideal. A morphism f : Y → X is a log resolution of (X, a) if
f is a projective birational morphism, Y is smooth, Exc(f) has pure codimension 1,
a · OY = OY (−D) for some effective divisor D on Y , and Exc(f) + D is a simple
normal crossing divisor.
Let f : Y → X be a proper birational morphism of normal varieties, and E a prime
divisor on Y . We define the center of E on X to be cX(E) = f(E). Arising from E is
a discrete valuation of K(X) that we denote by ordE . The valuation corresponds to
the DVR OY,E ⊆ K(Y ) ≃ K(X). Given a nonzero ideal a on X , we set ordE(a) = e
where a · OY,E = (t
e) and t ∈ OY,E is a uniformizing parameter of the DVR. We
will use the convention that ordE(0) = +∞, where 0 denotes the zero ideal. For a
Q-Cartier divisor D ≥ 0, the vanishing of D along E is defined in the following way.
Choose m ∈ Z>0 such that mD is Cartier and let
ordE(D) :=
1
m
ordE(OX(−mD)) .
By linearity, ordE extends to a function on CDivR(X).
Given Y → X and Y ′ → X as above, we identify a prime divisor on Y with a prime
divisor on Y ′ if the two divisors induce the same valuation on K(X). Note that if
Y ′ → X factors as Y ′ → Y → X and E ⊂ Y and E ′ ⊂ Y ′ prime divisors, then we
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identify E and E ′ if and only if E ′ is the strict transform of E on Y ′. If E and E ′
are identified then cX(E) = cX(E
′). A divisor over X is an equivalence class given
by this relation.
Remark 2.1. Let f : Y → X be a proper birational morphism of normal varieties. We
will often consider ideals on X of the form
a = f∗OX(−a1E1 − · · · − arEr) ⊆ OX
where Ei is a prime divisor on Y and ai > 0 for 1 ≤ i ≤ r. For an open affine U ⊆ X ,
the ideal a(U) can be understood as followed. If U does not intersect f(Ei) for all
1 ≤ i ≤ r, then a(U) = OX(U). Otherwise,
a(U) = {f ∈ OX(U)| ordEi(f) ≥ ai for i such that cX(Ei) ∩ U 6= ∅} .
2.2. Rees Valuations. For a nonzero ideal a on a normal variety X , let Z =
B˜a(X)
pi
→ X denote the normalized blowup of X along a. Note that a ·OZ = OZ(−D)
for some effective divisor D on Z. The integral closure of a is the ideal
a := π∗OZ(−D) .
It is always the case that a ⊆ a. We say that a is integrally closed if a = a. The
Rees valuations of a are the valuations of K(X) corresponding to prime divisors in
the support of D. The following propositions provide information on Rees valuations
and integral closures of ideals.
Proposition 2.2. Let a be a nonzero ideal on a normal variety X. The set of
Rees valuations of a are the valuations corresponding to the smallest set of divisors
{E1, . . . , Er} over X such that
am = {f ∈ OX | ordEi(f) ≥ m · ordEi(a) for 1 ≤ i ≤ r}
for all m ∈ Z>0.
Proof. See [HS06, Section 10.2]. 
Proposition 2.3. Let a be a nonzero ideal on a normal variety X. The ideal a is
integrally closed if and only if there exists a proper birational morphism f : Y → X
with Y normal and D an effective cartier divisor on Y such that
a = f∗OY (−D).
Proof. The forward direction follows immediately from the definition of a Rees valu-
ation. See [Laz04, Proposition 9.6.11] for the reverse direction. 
Proposition 2.4. If X is a normal variety and a a nonzero ideal on X such that an
is integrally closed for all n ∈ Z>0, then the blowup of X along a is normal.
Proof. This follows from [HS06, Proposition 5.2.1] 
2.3. Log Discrepancies. LetX be a normal variety. We say thatX isQ-Gorenstein
if the canonical divisor KX is Q-Cartier. If f : Y → X is a proper birational
morphism of normal varieties and X is Q-Gorenstein, the relative canonical divisor
of the morphism is defined as KY/X := KY − f
∗KX where KY , KX are chosen so that
f∗KY = KX .
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If E is a divisor over X that appears as a prime divisor on Y , we let kE denote the
coefficient of E in KY/X . When the base variety is unclear, we will use the notation
kE,X. The value kE is not dependent on the model Y but on the valuation ordE.
Thus, this invariant extends to an invariant for a divisor over X .
Given a normal, Q-Gorenstein variety X , a nonzero ideal a ⊆ OX , and λ ∈ R≥0,
we refer to (X, aλ) as a pair and define the log discrepancy of (X, aλ) along E as
aE
(
X, aλ
)
:= kE + 1− λ ordE(a).
We say that the pair (X, aλ) has klt (resp. log canonical) singularities if aE
(
X, aλ
)
> 0
(resp. ≥ 0) for all divisors E over X .
If X is Q-Gorenstein and ∆ is Q-factorial, the log discrepancy of (X,∆) along E
is
aE (X,∆) := kE + 1− ordE(∆).
We say that (X,∆) is a klt (resp. log canonical) pair if aE (X,∆) > 0 (resp. ≥ 0) for
all divisors E over X . We say that (X,∆) is plt if aE (X,∆) > 0 for all divisors E
over X with codim cX(E) ≥ 2. Lastly, we say that X is klt (resp. log canonical) if X
is normal, Q-Gorenstein, and (X, 0) is klt (resp. log canonical).
2.4. Minimal Log Discrepancies. Given a pair (X, aλ) and a (not necessarily
closed) point η ∈ X , we define the minimal log discrepancy of (X, aλ) at η to be
mldη(X, a
λ) := inf
{
aE
(
X, aλ
)
|E is a divisor over X with cX(E) = {η}
}
.
Assuming codim({η}) ≥ 2, the value of mldη(a
λ) is either ≥ 0 or = −∞. If the above
infimumum is ≥ 0, it is necessarily a minimum. See [Amb99] for more details on
minimal log discrepancies.
2.5. Graded Sequences of Ideals. A graded sequence of ideals on a variety X is
a sequence of ideals a• = {am}m∈N on X such that am · an ⊆ am+n for all m,n ∈ N.
(We use the convention that N includes 0.) In the case when a0 = OX , the Rees
algebra of a• is the N-graded OX -algebra
R(a•) =
⊕
m∈N
am.
We say that a• is finitely generated if R(a•) is a finitely generated OX -algebra. We
say that a• is finitely generated in degree n if anm = (an)
m for all m ∈ N. A graded
sequence of ideals a• is finitely generated if and only if a• is finitely generated in some
degree n ∈ Z>0 [EGA, Lemma 2.1.6.v].
We list three examples of graded sequences of ideals that arise in algebraic geometry.
• For a trivial example, let b be an ideal on X and define am = b
m.
• Let f : Y → X be a proper birational morphism of normal varieties and E be
a prime divisor on Y . The divisor E gives rise to a graded sequence of ideals,
denoted by aE• , defined by
a
E
m := f∗OY (−mE).
Note that this only depends on E and not on the model Y .
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• Let L be a line bundle on a variety X , having nonnegative Kodaira dimen-
sion and am(L) denote the base locus of |L
m|. This example was studied
in [EL+06].
For a graded sequence a•, let S(a•) = {m ∈ N|am 6= 0)}, where 0 is the zero ideal.
If a• is a graded sequence of ideals on X such that S(a•) is nonempty, we define
ordE(a•) := lim
m→∞,m∈S(a•)
1
m
ordE(am) = inf
m≥1
1
m
ordE(am).
See [JM12, Section 2] for further details.
2.6. Log Canonical Thresholds. For a nonzero ideal a on a klt variety X , the log
canonical threshold of the ideal is defined as
lct(a) := sup{λ ∈ R≥0|(X, a
λ) is log canonical}.
From this definition, it follows that lct(OX) = +∞. We define lct(0) = 0, where 0
denotes the zero ideal. Note that (X, aλ) is log canonical if and only if
kE + 1− λ ordE(a) ≥ 0
for all E over X . Thus,
lct(a) = inf
{
kE + 1
ordE(a)
|E a divisor over X with ordE(a) > 0
}
.
Moreover, if Y → X is a log resolution of (X, a) and a · OY = OY (−D), it is
sufficient to take the above infimum over all prime divisors contained in Supp(D)
(see [Laz04, Section 9.3]). Since Supp(D) has finitely many components, the above
infimum is necessarily a minimum. Similarly, if ∆ ∈ CDivR≥0(X), then the log
canonical threhsold of ∆ is
lct(X,∆) := sup{λ ∈ R≥0|(X, λ∆) is log canonical}.
In Section 1, we said that for a nonzero ideal a, a divisor E computes lct(a) if
aE
(
X, aλ
)
= 0, where λ = lct(a). Note that this is equivalent to the condition that
lct(a) = (kE + 1)/ ordE(a).
The following elementary properties of log canonical thresholds give rise to the
definition of the log canonical threshold for a graded sequence of ideals.
Lemma 2.5. Let a, b be nonzero ideals on a klt variety X. The following hold:
(1) lct(a) = m · lct(am).
(2) lct(a) ≤ lct(b) if a ⊆ b.
Thus, if a• is a graded sequence of ideals, we have that m · lct(am) ≤ mn · lct(amn).
If S(a•) is nonempty, we define the asymptotic log canonical threshold of a• to be
lct(a•) := lim
m→∞,m∈S(a•)
m · lct(am) = sup
m≥1
m · lct(am).
For the second equality, see [JM12, Lemma 2.3].
In the following statements we collect some basic information on this asymptotic
invariant. The content of the following statement is proven in [JM12].
Proposition 2.6. Let X be a klt variety and a• a graded sequence of ideals on X
such that S(a•) is nonempty. The following hold:
ON DIVISORS COMPUTING MLD’S AND LCT’S 8
(1) lct(a•) = infF
kF+1
ordF (a•)
, where the infimum runs over all divisors F over X.
(2) If a• is finitely generated in degree m (i.e. amn = (am)
n for all n ∈ N), then
lct(a•) = m · lct(am). Furthermore, if f : Y → X is a log resolution of (X, am)
with am · OY = OY (−D), then
lct(a•) = min
E⊆Supp(D)
{
kE + 1
ordE(a•)
}
.
We say that E computes the asymptotic log canonical threshold of a• if lct(a•) =
(kE + 1)/ ordE(a•)
Proof. See [JM12, Corollary 2.16] for (1). The proof of (2) follows from the definition
of the log canonical threshold of a graded sequence of ideals. 
Lemma 2.7. Let E be a divisor over a variety X. We have that
(1) ordE(a
E
m) = m for all m ∈ Z>0 divisible enough,
(2) ordE(a
E
m) = m if a
E
• is finitely generated in degree m, and
(3) ordE(a
E
• ) = 1, which implies that lct(a
E
• ) ≤ kE + 1.
Proof. Since elements of aEm vanish to at least orderm alongE, we see that ordE(a
E
m) ≥
m. Set n = ordE(a
E
1 ). Since (a
E
1 )
m ⊂ aEn·m, we see that ordE(an·m) ≤ n ·m. Thus, (1)
follows.
Next, (2) follows from (1) after noting that if aE• is finitely generated in degree m,
then
ordE(a
E
m·n) = ordE((a
E
m)
n) = n ordE(a
E
m).
Finally, (3) follows immediately from (1) and Proposition 2.6. 
The above lemma gives that lct(aE• ) ≤ kE + 1. The following proposition explains
the difference between these values.
Proposition 2.8. For X a klt variety and E a divisor over X, we have that
kE + 1− lct(a
E
• ) = inf
{
aE(X, a
λ)| (X, aλ) is a log canonical pair
}
.
Proof. We first note that
kE + 1− lct(a
E
• ) = inf
m≥1
{kE + 1−m · lct(a
E
m)} = lim
m→∞
(
kE + 1−m · lct(a
E
m)
)
.
By Lemma 2.7, for m divisible enough ordE(a
E
m) = m, and, thus,
kE + 1−m · lct(a
E
m) = aE
(
X, (aEm)
lct(aEm)
)
.
Since (X, (aEm)
lct(aEm)) is a log canonical pair, the relation ≥ of the desired equality
follows.
Next, we show the ≤ relation of the equality. Let (X, bλ) be a log canonical pair
and set m′ = ordE(b) and λ
′ = lct(aEm′). Since b ⊆ a
E
m′ , we have that (X, a
λ
m′) is log
canonical as well, and it follows that λ ≤ λ′. Thus,
aE
(
X, bλ
)
≥ aE
(
X, (aEm′)
λ
)
≥ aE
(
X, (aEm′)
λ′
)
≥ kE + 1−m
′ · lct(aEm′),
where the first inequality follows from the relation b ⊆ aEm′ , the second from the
relation λ ≤ λ′, and the last inequality from m′ ≤ ordE(a
E
m′). The result follows. 
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3. Rees Valuations and Graded Sequences
In this section, we prove Theorem 1.4. While the statement was proven in [Ish04],
we give a short proof since it will be useful for us to understand the proof. We begin
with the following lemma.
Lemma 3.1. Let E be a divisor over a normal variety X such that aE• is finitely
generated. If aE• is finitely generated in degree m, then the following hold:
(1) The positive powers of the ideal aEm are integrally closed.
(2) The ideal aEm has exactly one Rees valuation, namely E.
Proof. Let f : Y → X be a projective birational morphism such that Y is normal, E
is a prime divisor on Y , and aE• is finitely generated in degree n. Then
f∗OY (−(n ·m)E) = a
E
m·n = (a
E
n )
m,
where the first equality comes from the definition of aE• and the second from our
assumption that aE• is finitely generated in degree n.
By Proposition 2.3, the above equality gives that (aEn )
m is integrally closed. By
Proposition 2.2, the valuation corresponding to E is the unique Rees valuation of
a
E
n . 
Proposition 3.2. If E is a divisor over a normal variety X such that aE• is finitely
generated, then the following hold:
(1) The map Y := ProjX(⊕m≥0a
E
m) → X is a proper birational morphism of
normal varieties.
(2) There exists a prime divisor EY ⊂ Y that induces the same valuation as E on
K(X). Furthermore, EY is Q-Cartier and −EY is relatively ample over X.
Proof. Since aE• is assumed to be finitely generated, we may choose n ∈ N so that
a
E
• is finitely generated in degree n. We claim that Y is isomorphic to the blowup of
X along aEn . Indeed, Y ≃ Proj(⊕m≥0a
E
nm). Since a
E
• is finitely generated in degree n,
Proj(⊕m≥0a
E
nm) = Proj(⊕m≥0(a
E
n )
m). Thus, the claim is complete.
Now, we apply the previous lemma. By Lemma 3.1 (1) combined with Proposition
2.4, the variety Y is normal. Since ordE is unique Rees valuation of a
E
n (Lemma 3.1
(2)), we see aEn ·OY = OY (−nEY ), where EY is a prime divisor on Y and ordEY = ordE.
By the equality aEn · OY = OY (−nEY ), the divisor EY is Q-Cartier and −EY is
relatively ample over X . This completes the proof. 
Proof of Theorem 1.4. The theorem is a consequence of the previous proposition.
Note that EY ⊂ Y is exceptional over X , since codimX(cX(EY )) ≥ 2. 
If E is a divisor over a normal variety X , it is natural to ask which exceptional
divisors arise on the normalized blow up of aEm for very divisible m ∈ N. Lemma 3.1
says that if aE• is finitely generated, there is one such exceptional divisor, namely E.
The following proposition says that in the general case (when aE• is not necessarily
finitely generated) E does arise on such a model.The proof of the proposition is similar
in spirit to a proof of Artin (see [KM98, Lemma 2.45]).
Proposition 3.3. Let E be a divisor over a variety X. For m divisible enough, ordE
is a Rees valuation of aEm.
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Proof. We assume that X is affine (since blowups can be computed locally), and let
(R,mR) ⊂ K(X) denote the DVR of the function field of X associated to the divisor
E. Thus,
a
E
m = m
m
R ∩ OX(X).
We fix the following notation: let Xm be the blowup of X along a
E
m, xm the image of
the generic point of E on Xm, and Om = OXm,xm.
We must show that {xm} is codimension 1 on X˜m (the normalization of Xm) for
all m divisible enough. In order to do this, it is sufficient to show that Om = R for
m ∈ Z>0 divisible enough.
Claim 1: For m,n ∈ Z>0 such that ordE(a
E
m) = m, we have Om ⊆ Omn.
Let aEm = (z1, . . . , zr) with ordE(z1) = m. We have z
n
1 ∈ a
E
mn. Thus, we may choose
elements yi ∈ OX(X) so that amn = (z
n
1 , y1, . . . , ys). The two rings
O′m := OX(X)
[
z2
z1
, . . . ,
zr
z1
]
and O′mn = OX(X)
[
y1
zn1
, . . . ,
ys
zn1
]
correspond to charts of the blowup of X along aEm and a
E
mn, respectively. Since
the map OX(X) → R extends to maps from the above rings (we are using that
ordE(zi/z1), ordE(yi/z
n
1 ) ≥ 0), we see that xm and xmn lie on these charts. Thus, Om
and Omn correspond to O
′
m and O
′
mn localized at their intersections with mR.
To show the desired inclusion, it is sufficient to show that O′m ⊆ O
′
mn (i.e. zi/z1
lies in O′mn for all 1 ≤ i ≤ r). We rewrite the fraction in the following way
zi
z1
=
ziz
n−1
1
zn1
.
Since ordE(ziz
n−1
1 ) ≥ ordE(z
n
1 ) ≥ mn, it follows that ziz
n−1
1 ∈ a
E
mn. Thus, ziz
n−1
1 /z
n
1 ∈
O′mn.
Claim 2: For any element f ∈ R, there exists mf ∈ Z>0 so that f ∈ Omf .
Write f = u/v where u, v ∈ OX(X). Set mf := ordE(v). Since f ∈ R, we have
that
mf = ordE(v) ≤ ordE(u),
and we can write amf = (u, v, w1, . . . , wt) for some choice of wi’s. Since ordE(wi/v) ≥
0, xmf lies on the chart of the blowup of amf corresponding to
O0
[u
v
,
w1
v
, . . . ,
wt
v
]
and Omf corresponds to the above ring localized at its intersection with mR. Thus,
f ∈ Omf .
The above two claims combine to show that there is an ascending sequence of
subrings of R
O1! ⊆ O2! ⊆ O3! ⊆ · · ·
whose union is R. As argued in the proof of [KM98, Lemma 2.45], for m divisible
enough Om = R. This completes the proof. 
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4. Finite Generation Using MMP
Utilizing the relative LMMP (log minimal model program), we obtain a sufficient
condition for the finite generation of aE• , the graded sequence corresponding to a divi-
sor E over a variety X . We first state the following proposition, which is known to ex-
perts. In the case when X is Q-factorial, the proposition follows directly from [Kol13,
Corollary 1.39]. Our proof relies on the finite generation statement in [BCHM10].
Proposition 4.1. Let E be a divisor over a klt variety X. If there exists a divisor
∆ such that (X,∆) is klt and a(E,X,∆) < 1, then aE• is finitely generated.
Before proving the proposition, we recall the following. We say that two Q-divisors
D and D′ are Q-linearly equivalent, denoted by D ∼Q D
′, if there exists m ∈ Z>0 so
that mD and mD′ are linearly equivalent integral divisors. Fix a proper morphism
g : X → Z. We say that D and D′ are g-linearly equivalent, denoted by D ∼Q,g D
′
if D −D′ is a Q-linear combination of principal divisors and Cartier divisors pulled
back from Z.
Proof. Let (X,∆) be a klt pair and set a := aE (X,∆) < 1. We may choose f : Y → X
to be a log resolution of (X,∆) such that EY is a divisor on Y identified with E. We
have that
KY + f
−1
∗ ∆ ∼Q f
∗(KX +∆) + (a− 1)EY +
r∑
i=1
(aEi (X,∆)− 1)Ei,
where f−1∗ ∆ denotes the strict transform of ∆ and EY , E1, . . . , Er are the exceptional
divisors of f . Adding (1− ǫ)
∑
Ei to both sides and looking at f -linear equivalence,
we have
KY + f
−1
∗ ∆+ (1− ǫ)
∑
Ei ∼Q,f (a− 1)EY +
r∑
i=1
(aEi (X,∆)− ǫ)Ei.
Since (X,∆) is klt, aEi (X,∆) > 0 for all i. Thus, we may fix 0 < ǫ < 1 so that
aEi (X,∆) − ǫ > 0 for all i. Now, (Y, f
−1
∗ ∆ + (1 − ǫ)
∑
Ei) is a klt pair, since Y is
smooth and f−1∗ ∆+ (1− ǫ)
∑
Ei is a simple normal crossing divisor with coefficients
in [0, 1). Additionally, KY + f
−1
∗ ∆ + (1 − ǫ)
∑
Ei is f -big. (Since f is a birational
morphism, all Q-cartier divisors on Y are f -big.)
Thus, the pair (Y, f−1∗ ∆+(1− ǫ)
∑
Ei) satisfies the hypotheses of [BCHM10, The-
orem 1.2], and we conclude⊕
m≥0
f∗OY (⌊m(KY + f
−1
∗ ∆+ (1− ǫ)
∑
Ei)⌋)
is a finitely generated OX -algebra. Additionally, so is⊕
m≥0
f∗OY (⌊m((a− 1)EY +
r∑
i=1
(aEi (X,∆)− ǫ)Ei)⌋).
Since aEi (X,∆)− ǫ > 0 for all i, it follows
f∗OY (⌊m((a− 1)EW +
r∑
i=1
(aEi (X,∆)− ǫ)Ei)⌋) = f∗OY (⌊m(a− 1)EW ⌋).
After taking a proper Veronese of the previous graded ring, the result follows. 
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Lemma 4.2. Let E be a divisor over an affine klt variety X. The following are
equivalent:
(1) There exists an effectiveQ-divisor∆ such that (X,∆) is klt pair and aE (X,∆) <
1.
(2) kE < lct(a
E
• ).
Proof. We first show (1) implies (2). Assume the existence of such Q-divisor ∆.
Since X is Q-factorial, we can choose m ∈ Z>0 such that m∆ is Cartier. Thus,
(X,OX(−m∆)
1/m) is a klt pair and aE
(
X,OX(−m∆)
1/m
)
< 1. By Proposition 2.8,
we conclude that kE + 1− lct(a
E
• ) < 1 and the desired inequality follows.
We now show (2) implies (1). We first choose m ∈ Z>0 so that kE < m · lct(a
E
m),
lct(aEm) < 1, and ordE(a
E
m) = m (Lemma 2.7). As described in [Laz04, Proposition
9.2.28], for a general element f ∈ aEm,
lct(f) = lct(aEm) and ordE(f) = m.
Now, set ∆ = lct(f){f = 0}, and note that (X,∆) is log canonical by construction.
Additionally,
aE (X,∆) = kE + 1− lct(f) ordE(f) = kE + 1−m · lct(a
E
m) < 1,
where the last inequality follows from our assumption that kE < m · lct(a
E
m). While
(X,∆) is not klt, we note that ∆′ = (1 − ǫ)∆ satisfies the properties of (1) for
0 < ǫ≪ 1. 
Proof of Proposition 1.5. We first prove (i). The condition that aE• is finitely gener-
ated is local on X . Thus, it is sufficient to consider the case when X is affine (which
is necessary for the application of Lemma 4.2). Now, it follows from Proposition 4.1
and Lemma 4.2 that aE• is finitely generated.
We move on to (ii). By (i), aE• is finitely generated in degree. Therefore, (ii) follows
from Proposition 3.2. Furthermore, assume the aE• is finitely generated in degree n.
As explained in the proof of Proposition 3.2, Y is the normalized blowup of aEn and
a
E
n · OY = OY (−nEY ).
We use the previous information to prove (iii). We first show that Y isQ-Gorenstein.
Indeed, KY = f
∗KX +KY/X is Q-Cartier. The divisor f
∗KX is Q-Cartier, since KX
is Q-Cartier by assumption. The divisor KY/X is Q-Cartier, since it is supported on
EY and EY is Q-Cartier.
Now, let F be a divisor over X . We seek to compute aF (Y, λEY ) for λ ≥ 0. We first
compute kF,Y in terms of kF,X. Choose a projective birational morphism g : Z → Y
such that Z is normal and F arises a prime divisor on Z. SinceKZ/X = KZ/Y+g
∗KY/X
and KY/X = kE,XEY , we see
kF,X = kF,Y + kE,X ordF (EY ).
We also have
ordF (EY ) = ordF (OXE (−nEY ) = ordF (a
E
n · OY ),
where the first equality is definitional and the second follows from the description
of Y as a blowup along aEn . We note ordF (a
E
• ) = ordF (a
E
n )/n, since a
E
• is finitely
generated in degree n.
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Finally, we compute
aF (Y, λEY ) = (kF,X−kE,X ordF (EY )+1)−λ ordF (EY ) = kF,X−(kE,X+λ) ordF (a
E
• ).
Note that
lct(aE• ) = sup{λ | kF,X + 1− λ ordF (a
E
• ) > 0 for all F over X}.
Since lct(aE• )− kE > 0, we see Y is klt and lct(Y,EY ) = lct(a
E
• )− kE. 
Definition 4.3. . Let g : Z → X be a projective birational morphism with exactly
one irreducible exceptional divisor, say S. We say that g : (Z, S)→ X is a plt blow-up
if (Z, S) is plt and −(KZ + S) is f -ample [Pro00]. When g(S) is a closed point, S is
called a Kolla´r component [Xu14].
We note that such plt blowups were constructed in [Xu14, Lemma 1]. Inspired by
the work of Xu and others, we interpret these plt blowups in our framework.
Proposition 4.4. If E is a divisor over a klt variety X with
kE + 1 <
kF + 1
ordF (aE• )
,
for all divisors F over X not equal to E, then (Y,EY ) is plt where Y := Proj(⊕m≥0a
E
m)
and EY is the prime divisor on Y identified with E. Additionally, when codim(cX(E)) ≥
2, Y → X is a plt blowup.
Remark 4.5. The condition that kE+1 <
kF+1
ordF (aE• )
for all F 6= E implies that lct(aE• ) =
kE + 1. The converse does not hold.
Proof. Since lct(aE• ) = kE +1, Proposition 1.5 says that (Y,EY ) is log canonical. For
a divisor F 6= E over Y , we have
aF (Y,EY ) = kF,X − (kE,X + 1) ordF (a
E
• )
as in the proof of Proposition 1.5. By our assumption, the latter value is > 0. Thus,
(Y,EY ) is plt.
We claim that −(KY +EY ) is f -ample. Indeed, −(KY +EY ) ∼f −(KY −f
∗(KX)+
EY ) = −(kE + 1)EY . Since X is klt, kE + 1 > 0. Thus, −(KY + EY ) is f -linearly
equivalent to a negative multiple of EY . Since −EY is f -ample by Proposition 3.2,
we are done. 
Lemma 4.6. Let X be a klt variety and (X, aλ) a pair with log resolution f : Y → X.
Let ∆Y be the divisor on Y such thatKY+∆Y = f
∗(KX)+λD where a·OY = OY (−D).
If E is an exceptional divisor of f and the coefficients of ∆Y are ≤ 1 with equality
precisely along E, then
kE + 1 <
kF + 1
ordF (aE• )
.
for all divisors F over X not equal to E.
Proof. Let F be a divisor over X with F not equal to E. By [KM98, Lemma 2.30],
we have aF
(
X, aλ
)
= aF (Y,∆Y ). By [KM98, Lemma 2.30] and our hypotheses
on the coefficients of ∆Y , we see aF
(
X, aλ
)
= aF (Y,∆Y ) > 0. By similar logic,
aE
(
X, aλ
)
= aE (Y,∆Y ) = 1. Thus,
(4.1) kF + 1 > λ ordF (a) and kE + 1 = λ ordE(a).
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Next, we note
ordF (a) ≥ ordF (a
E
ordE(a)
) ≥ ordE(a) ordE(a
E
• ),
where the first inequality comes from the inclusion a ⊆ aEordE(a) and the second from
the definition of ordE(a
E
• ) as an infimum. Thus, the desired inequality follows. 
Remark 4.7. The previous lemma gives a condition for when the hypotheses of Propo-
sition 4.4 hold. By the “perturbation trick” [Amb98, Proposition 3.2], if a ⊆ OX is a
non-zero ideal on klt variety, then at least one of the divisors computing lct(a) satisfy
the hypotheses of Proposition 4.4.
Thus, if a ⊆ OX is a non-zero ideal on klt variety X , then at least of of the divisors
computing lct(a) satisfy the conclusion of Proposition 4.4. We note that a similar
result was independently obtained by Kento Fujita in [Fuj17].
5. Connection with divisors that comput lct’s and mld’s
We proceed to prove Theorem 1.3. Recall that the theorem says that the value of
lct(aE• ) determines whether E computes a log canonical threshold.
Proof of Theorem 1.3. The implication (1) implies (2) is trivial. Indeed, if E compute
lct(b), then E computes lct(b•), where b• is the trivial graded sequence defined by
bm := b
m.
Next, we show (2) implies (3). We follow an argument in [JM12]. Assume E
computes lct(a•), where a• is a graded sequence of ideals on X . By Lemma 2.7, we
know that lct(aE• ) ≤ kE + 1. To prove that lct(a
E
• ) = kE + 1, we must show that for
any divisor F over X we have kE+1 ≤ (kF +1)/ ordF (a
E
• ). Since E computes lct(a•),
we have
kE + 1
ordE(a•)
= lct(a•) ≤
kF + 1
ordF (a•)
.
Thus, it is sufficient to show that ordE(a•) · ordF (a
E
• ) ≤ ordF (a•).
We proceed to prove the previous inequality. By the definition of ordE(am) as an
infimum, we have m · ordE(a•) ≤ ordE(am) for all m ∈ N. Thus, am ⊆ a
E
ordE(am)
⊆
a
E
⌊m·ordE(a•)⌋
. By the previous inclusion, ordF (am) ≥ ordF (a⌊m·ordE(a•)⌋). After dividing
by m and taking infimums, the desired inequality follows.
Lastly, we show (3) implies (1). Assume lct(aE• ) = kE + 1. By Proposition 1.5, the
graded sequence aE• is finitely generated. Choose n so that a
E
• is finitely generated in
degree n. By our assumption,
kE + 1 = lct(a
E
• ) = n · lct(a
E
n )
Since ordE(a
E
n ) = n, E computes the log canonical threshold of a
E
n . 
Proposition 5.1. Let E be a divisor over a klt variety X. The divisor E computes
an asymptotic log canonical threshold if and only if lct(aE• ).
Proof. Assume E computes lct(a•). As in (1) implies (2) of the previous proposition,
we have that 
Next, we seek to determine which divisors over a variety X can compute minimal
log discrepancies.
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Question 5.2. Let E be a divisor over X such that E computes a minimal log dis-
crepancy.
(1) Does it follow that aE• is finitely generated?
(2) Does this imply that lct(aE• ) > kE or = kE + 1?
By Proposition 1.3 and Proposition 1.5, the answer is yes to both if we replace
the words “minimal log discrepancy” with “log canonical threshold.” Also, note that,
by Theorem 1.5, an affirmative answer to the second question implies an affirmative
answer to the first.
Let’s consider a divisor E such that lct(aE• ) < kE + 1 and ask whether or not it
can compute a minimal log discrepancy. We know that there must exist some divisor
F such that kF+1
ordF (a
E
• )
< kE + 1. Additionally, it might be that cX(E) = cX(F ) and
kF ≤ kE. The proposition below shows that if such an F exists, then E cannot
compute a minimal log discrepancy.
Proposition 5.3. Let E, F be divisors over a klt variety X with
(1) cX(E) = cX(F ),
(2) kF ≤ kE, and
(3)
kF + 1
ordF (aE• )
< kE + 1.
Then for any log canonical pair (X, bλ) where cX(E) ⊂ Cosupp(b) and λ > 0
aF
(
X, bλ
)
< aE
(
X, bλ
)
.
Before proving the above proposition, we define the log discrepancy of a divisor F
over X along aλ• , where a• is a graded sequence of ideals on X with S(a•) 6= ∅ and
λ ∈ R≥0, as
aF
(
X, aλ•
)
:= kF + 1− λ ordF (a•)
and prove the following lemma.
Lemma 5.4. Let E, F be divisors over X satisfying the conditions in Proposition 5.3.
Then,
aF
(
X,
(
a
E
•
)λ)
< aE
(
X,
(
a
E
•
)λ)
for all λ ∈ R>0 such that aF
(
X,
(
a
E
•
)λ)
≥ 0.
Proof. Note that aF
(
X,
(
a
E
•
)λ)
and aF
(
X,
(
a
E
•
)λ)
are real valued linear functions
in λ.
When λ = 0, we compare the values of the two functions:
aE
(
X,
(
a
E
•
)0)
= kE + 1 ≥ kF + 1 = aF
(
X,
(
a
E
•
)0)
.
Set λF and λE to be the values of λ so that aF
(
X,
(
a
E
•
)λ)
= 0 and aF
(
X,
(
a
E
•
)λ)
=
0, respectively. (The existence of λF relies on ordF (a
E
• ) > 0, which is implied by
assumption (3).) Note that
λF =
kE + 1
ordF (aE• )
< kE + 1 =
kE + 1
ordE(aE• )
= λE
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where the inequality comes from our assumption. By analyzing these linear functions,
we see that the desired inequality holds. 
Proof of Proposition 5.3. Let E, F and (X, bλ) satisfy the hypotheses of the proposi-
tion. We have
aF
(
X, bλ
)
≤ aF
(
X,
(
a
E
ordE(b)
)λ)
≤ aF
(
X,
(
a
E
•
)λ ordE(b)) < aE (X, (aE• )λ ordE(b)) = aE (X, bλ)
where the first inequality follows from b ⊂ aEordE(b), the second from the definition of
the asymptotic order of vanishing as an infimum, the third from the previous lemma,
and the last from Lemma 2.7. 
6. Divisors computing mlds on surfaces
Before proving Theorem 1.2, we prove the following lemma and proposition. Much
of the content of the following lemma can be found in [Lip69].
Lemma 6.1. Let x ∈ X be a point on a surface with at worst rational singularities
and E a divisor over X with cX(E) = {x}. If
p : Y → X
is a projective birational morphism and Y is a smooth variety that contains E as a
prime divisor, then there is an m ∈ Z>0 such that a
E
• is finitely generated in degree
m and aEm · OY = O(−D), for some divisor D on Y with Supp(D) ⊆ Exc(p).
Proof. The statement in the theorem is local in a neighborhood of x ∈ X . Thus, it is
sufficient to consider the case when X is a projective surface and X is smooth or has
an isolated singularity at X . Now, we consider the intersection form on the curves in
Exc(f). By the Hodge Index Theorem, the intersection form on Exc(f) is negative
definite. Thus, we may define a Q-divisor Eˇ with support on Exc(f) such that
Eˇ · C =
{
1, if C = E.
0, if C 6= E and C ⊂ Exc(f).
Since Eˇ intersects non-negatively with all exceptional curves of f , Eˇ is f -nef. By
[Lip69, Theorem 12.1], Eˇ is also f -base point free (we are using that X has rational
singularities). Thus, Eˇ gives rise to a fiber space h, over X , that contracts all curves
in Exc(f) not equal to E.
Y Z
X
h
p
j
The only exceptional divisor of the map j (labeled in the above diagram) cor-
responds to E. Since j is a projective birational morphism with exactly one ex-
ceptional divisor corresponding to E, we conclude that aE• is finitely generated by
Theorem 1.4. (To apply the previous theorem, we must have that X is Q-factorial.
By [Lip69, Proposition 17.1], rational surfaces singularities are Q-factorial.) Ad-
ditionally, Z is isomorphic to the blowup of X along aEm for m divisible enough
(see the proof of Proposition 1.4). For such an m, aEm · OZ = OZ(−mE) and
a
E
m · OY = OZ(−mE) · OY = OY (h
∗(mE)). 
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Proposition 6.2. Let X be a surface, x ∈ X a smooth point or a du Val Singularity,
and (X, bλ) a pair such that x ∈ Cosupp(b) and λ > 0. If there exists a divisor E
that computes mldx(X, b
λ), then lct(aE• ) = kE + 1.
Proof. We first consider the following maps
Y
f
−→ X ′
g
−→ X,
where g : X ′ → X is the minimal resolution of X and f : Y → X ′ be the map
achieved by repeatedly blowing up the center of E until the center is a prime divisor.
If x ∈ X is a smooth point, then X ′ = X and g is the identity. Similarly, if E
corresponds to a prime divisor on X ′, then Y = X ′ and f is the identity.
Let E1, . . . , Es denote the exceptional divisors of g ◦ f . Note that if Ei is not
contracted by f , then f(Ei) is an exceptional divisor of g and kEi = 0. This follows
from the definition of a du Val singularity.
By the previous lemma, there exists an m ∈ N so that aE• is finitely generated in
degree m and Y → X is a log resolution of aEm. By Proposition 2.6,
lct(aE• ) = min
i
kEi + 1
ordEi(a
E
• )
.
To show that lct(aE• ) = kE + 1, it is sufficient to show that
kE + 1 ≤
kEi + 1
ordEi(a
E
• )
for all 1 ≤ i ≤ s. We claim that that kEi ≤ kE for all 1 ≤ i ≤ s. By Proposition
5.3, if kE >
kEi+1
ordEi(a
E
• )
, then E cannot compute mldx(X, b
λ). A contradiction. Thus, it
suffices to prove our claim that kEi ≤ kE for all 1 ≤ i ≤ s.
Case 1: The map f is the identity.
In this case, x ∈ X is a du Val singularity and E corresponds to a prime divisor
on the minimal resolution of X . Thus, kEi = 0 for all 1 ≤ i ≤ s and kE = 0. We are
done.
Case 2: The map f is not the identity.
Let Er, Er+1, . . . , Es denote the exceptional divisors of g ◦ f that are contracted by
f . Since these divisors arose via a sequence of blowups, we assume that the divisors
are labelled in the order in which they arose. Thus, Es and E are equivalent divisors
over X .
If 1 ≤ i < r, then Ei is a an exceptional divisor of g and, as stated before, kEi = 0.
If r ≤ j ≤ s, then Ej either arose as the blowup of a point lying on a single exceptional
divisor or the intersection of two such exceptional divisors. Thus, we have that either
kEj = kEj−1 + 1 or kEj = kEj−1 + kEq + 1
for some q < j − 1. We see that 0 ≤ kEi−1 ≤ kEi for all 1 < i ≤ s. Since kEs = kE ,
we are done. 
Proof of Theorem 1.2. Let X be a smooth surface and E a divisor over X computing
mldx(X, b
λ) where (X, bλ) is a pair.
If x /∈ Cosupp(b) or λ = 0, then λ ordF (b) = 0 for all divisors F over X with
{x} = cX(F ). Thus,
mldx(X, b
λ) = min{kE + 1|E is a divisor with cX(E) = {x}} = 2
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and the minimum is achieved by exactly one divisor over X , the divisor corresponding
to the exceptional divisor of the blowup of X at {x}. Note that this divisor also
computes a log canonical threshold, namely lct(mx), where mx is the ideal of functions
vanishing at x.
If x ∈ Cosupp(b) and λ > 0, then we apply the previous proposition to see that
lct(aE• ) = kE+1. By Theorem 1.3, E must also compute a log canonical threshold. 
Remark 6.3. We can prove an analogus result for du Val Singularities. If x ∈ X is a du
Val singularity and E is a divisor over X computing mldx(X, b
λ) where x ∈ Cosupp(b)
and λ > 0, then E computes an log canonical threshold. This, does not include the
case of mldx(X,OX).
In fact, if x ∈ X is an E7 du Val singularity, then every exceptional divisor on the
minimal resolution of x ∈ X computes mldx(X,OX) (all exceptional divisors on the
minimal resolution have log discrepancy 1.) However, not of all of these exceptional
divisors compute log canonical thresholds.
7. Examples
Below, we compute lct(aE• ) for a few examples of divisors over smooth varieties.
Example 7.1. For the simplest possible example consider An when n > 1 and let E
be the exceptional divisor of the blowup of An at the origin. Then, aEm = m
m
0 , where
m0 ⊂ OAn is the ideal of functions that vanish at the origin. Thus, lct(a
E
• ) = kE+1 =
n and is computed by E.
Example 7.2. Let X be a smooth surface and Y → X the composition of r ≥ 3
point blowups resulting in the following dual diagram of exceptional curves
· · ·
E1
E2
E3Er−1Er
where Ei denotes the strict transform of the exceptional divisor arising from the i-th
blowup. To understand aEr• for r ≥ 3, we compute the intersection form on Exc(Y )
and apply the argument in the proof of Lemma 6.1. We find that aEr• is finitely
generated in degree r + 3 and
a
Er
r+3 · OY = OY
(
−2E1 − 3E2 −
r∑
i=3
(i+ 3)Ei
)
.
Since kE1 = 1, kE2 = 2, and kEi = i+ 1 for 3 ≤ i ≤ r, we see that
lct(a•
Er) =
kE3 + 1
ordE3(a•
Er)
=
r + 2
6/(r + 3)
= 6
(
r + 2
r + 3
)
.
Thus, we see two behaviors. We have that lct(aEr• ) = kEr + 1 when r = 3, but this
is not the case when r > 3. The divisor E3 computes a log canonical threshold, while
Er does not for r > 3 (Proposition 1.3).
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Additionally, the divisor Er does not compute a minimal log discrepancy for r > 3
(Theorem 1.2). We may view E3 as preventing Er from computing a minimal log
discrepancy. For any log canonical pair (X, bλ) and r > 3, we have that
aEr
(
X, bλ
)
> aE3
(
X, bλ
)
by Proposition 5.3.
Example 7.3. For an example of a divisor over a smooth variety with a non-finitely
generated graded sequence of ideals, we look to [Ku¨r03]. A divisor E over A4 is
constructed by the composition of maps
E ⊂ Y
f
−→ B0A
4 g−→ A4.
The map g is the blowup of A4 at the origin with exceptional divisor F . The map f is
the blowup of a specially chosen smooth curve inside F ≃ P3 and E is the exceptional
divisor of this map. Since aE• is not finitely generated, there does not exist a morphism
Y → XE over X that contracts F (Theorem 1.4). Intuitively, F “obstructs” the finite
generation of aE• . Additionally,
lct(aE• ) ≤
kF + 1
ordF (aE• )
≤ 5 < 6 = kE + 1 .
where the first inequality comes from the definition of lct(aE• ) and the second inequal-
ity from the fact that ordF (a
E
• ) ≥ 4/5 and kF = 3. The divisor E cannot compute
a log canonical threshold (Proposition 1.3) or minimal log discrepancy (Proposition
5.3).
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